Photons are a key building block for future quantum technologies and are the most suitable choice for linking distant quantum systems [1] . Deterministic single photon sources based on quantum dots [2] and defects in diamond [3] are being heavily investigated, however they are currently limited due to the inherent randomness of emission direction, large bulk optical collection setups and most often the use of cryogenic temperatures, all of which make this technology challenging to scale up. The generation of photons through probabilistic processes in bulk nonlinear materials has been a workhorse for quantum information experiments [4] [5] [6] [7] [8] . In recent years, integrated waveguide devices have emerged as an attractive platform for scalable quantum technologies [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . These chip-scale platforms are typically made of glasses, such as silica and chalcogenide, or semiconductors such as silicon (Si) and gallium indium phosphide (GaInP). In contrast to earlier free-space investigations, one must consider additional effects induced by the media and their role in the generation and collection of photons. In amorphous materials, spontaneous Raman scattered photons act as a noise source, dramatically impacting the desired quantum statistics [10, 19, 20] . In crystalline semiconductor materials multi-photon absorption and accompanying free carrier effects are present at larger intensities. While the roles of multi-photon effects in the classical regime are reasonably well known [21] [22] [23] [24] [25] [26] [27] [28] [29] , quantum pair generation processes in these materials have only recently been investigated [11] [12] [13] [14] [15] [16] [17] [18] . Though these initial observations noted that nonlinear absorption affected the experiments, at present the nuanced roles of the multi-photon processes in the quantum regime is unclear.
In this paper we analyse the interaction of probabilistic photon generation with multiphoton processes in both the generation and collection of single photons for the first time. We carry out experiments in Si [16, 17] and GaInP [18] semiconductor waveguides which display inherently different nonlinear absorption processes, namely two-photon (TPA) and threephoton absorption (ThPA), respectively. We develop a novel model capturing these effects, including slow-light enhancements in the photonic crystal periodic media [16] [17] [18] [21] [22] [23] [24] [25] [26] .
The series of measurements of brightness, coincidence-to-accidental ratio (CAR) and secondorder correlation function g (2) (0) are in excellent quantitative agreement with our theoretical model, rigorously proving this framework accurate for predicting photon generation in the presence of strong nonlinear effects. We show that TPA imposes an intrinsic limit on heralded single photon generation even in the single photon pair regime. We finally devise a new figure of merit for photon generation devices, the quantum utility or QMU, which can be used to compare and optimise photon sources across various platforms. This will be vital to the development of multiplexed and integrated photon sources, opening new routes to scalable quantum computation and simulation with large numbers of photonic qubits. Figure 1 illustrates the various nonlinear processes considered. Photons from a pulsed laser are injected to the third-order χ (3) nonlinear device, where a number of processes can occur. The primary process for the generation of photons is spontaneous four-wave mixing (SFWM) where two pump photons are annihilated to generate entangled signal and idler photons at higher and lower energy, respectively. The nonlinear absorption processes include TPA, the markedly weaker ThPA, and any related free carrier absorption (FCA)
induced by electrons generated from these processes. We include these losses to the pump photons propagating through the nonlinear medium, as well as through cross-TPA (XTPA) between a pump photon and a signal or idler photon. Though XTPA between the generated signal and idler photons is also possible, this is a weak effect due to the small intensities of single photons and is neglected here. In the experiments we found ThPA and cross-ThPA play negligible roles in the quantum regime. Consequently, we focus the discussion on TPA, XTPA, and FCA.
RESULTS
Heralded single photon generation with multi-photon absorption. The novelty of our approach is the incorporation of nonlinear absorption processes in four major aspects of SFWM photon pair generation and collection. The generation terms are described by the interaction of multi-photon absorption with the strong pump beam. In this regard, TPA impacts both (i) the nonlinear phase shift Φ (radians), as well as (ii) the phase matching of the parametric process. Once generated, multi-photon absorption also affects (iii) the absorption of the signal or idler single photons with the co-propagating pump beam via XTPA and (iv) absorption of single photons by free-carriers generated by the pump (FCA).
First, we consider the impact of TPA on the probability of generating a pair of photons per laser pulse, µ. In the case of SFWM, this probability scales as µ ∼ Φ 2 Θ 2 with Φ and phase matching terms Θ (see Supplementary Information). In the presence of TPA, Φ scales logarithmically with power [28] 
where γ = k o n 2 /A ef f is the nonlinear parameter, Kerr coefficient n 2 , effective area A ef f , wave number k 0 , α 2 the TPA coefficient, I 0 = P o /A ef f the pump intensity with peak power P 0 , L ef f = 1 − exp(−αSL)/(αS) the effective device length with scattering loss α, and S = (n g /n 0 ) the slow-down factor in the photonic crystal waveguide (PhCW) [22, 24, 30] .
Similar scaling occurs for coupled-cavity waveguides [15, 31] . In the experiments we control Φ by varying the input laser power. While earlier work suggests the role of TPA in reducing coincidence counts in the SFWM process [11] [12] [13] [14] [15] [16] [17] [18] , here we describe the various roles of nonlinear absorption and quantitatively include these effects in our photon pair model. While this description of Φ is pertinent to Si, we note that a linear definition of Φ = γP 0 L ef f S 2 is appropriate for GaInP at the power levels used in these experiments. Second, as SFWM is a parametric process one must also consider the phase matching conditions. In particular,
Θ is a function of Φ (see Supplementary Information).
Further to these two mechanisms where TPA influences the pump during pair generation, multi-photon absorption also strongly affects the generated single photons by introducing two loss channels in the collection. The third impact of multi-photon absorption is a collection loss due to absorption of single photons through XTPA of the signal or idler single photons with the co-propagating pump beam. This effect is described by
where η XT P A <1 is the collection efficiency per photon. The fourth impact of multi-photon absorption is the generation of free carriers during pump propagation via TPA. FCA of single photons is described by
where σ is the absorption cross section, N c is the carrier density and L ef f (2α) = 1 − exp(−2αL)/(2α) [21, 28] . Similar expressions exist for ThPA, though we exclude these here due to the fact that they are negligible at intensity values required for heralded single photons from SFWM. This is the first time the role of multiphoton absorption, in particular TPA, XTPA, and FCA, have been quantitatively analysed in photon pair generation and collection.
Experiments and modeling of SFWM pair generation in photonic crystal waveguides: linear and TPA regimes. We performed a number of experiments on photonic crystal waveguides fabricated in two different nonlinear semiconductor materials, namely
Si and GaInP, to examine the heralded photon generation in the presence of nonlinear absorption and compare them to theoretical predictions (see Methods section for device and experimental details). At large intensities these materials exhibit two and three-photon absorption, respectively, for the photon energies (0.8 eV) in our experiments.
To confirm these observations we create a model for the generation, filtering and detection system, shown in Fig. 2 , which we treat in a similar way to Bussierés et al. [32] . For the generation term, we define p i as a thermal distribution dependent on µ, the number of pairs per pulse (including our TPA and slow-light modifications). This distribution is appropriate when the filtering matches the pump pulse bandwidth [33] . For the photon pair collection, we create a vector describing the state of the detector system indicating the probability of each detector switching from the unclicked state to the clicked state (see Methods and Supplementary Information). We construct accompanying matrices describing the (i) detector dark counts M D and (ii) loss mechanisms of generated photons in the system M η (see Methods section). The M η matrix describes the photon collection efficiencies η couple S,I , as well as intrinsic losses of single photons due to propagation η α = exp(−αL) and our newly derived nonlinear loss terms
where the subscripts S, I correspond to the signal and idler channels, respectively. These matrices act on an original vector set to an initial unclicked state and are populated with a thermal distribution of photons related to µ. We account for the probability of generating multiple pairs per pulse in the SFWM process through terms proportional to µ n , where n is the number of generated photon pairs. The final output vector provides the total probability for all detector states and coincidence terms. Using the coincidence count data, we calculate the coincidence-to-accidental ratio (CAR), a metric analogous to a signal-to-noise ratio in a classical system. We calculated the coincidence counts and CAR as a function of both group velocity dispersion (GVD) and Φ, including slow-light effects in the PhCW [21, 22, 24] . that both GVD and Φ determine the best operating point, a fact that must be taken into consideration when designing and fabricating photon pair sources based on SFWM. The tilt of the coincidence contours towards anomalous (negative) GVD is required to balance the nonlinear (positive) contribution to the phase matching. We note the nonlinear contribution dominates in these chip-scale devices in contrast to the linear dispersion contribution that is more significant for fibre-based sources [20, [34] [35] [36] . In the case of Si, TPA additionally saturates Φ, as noted previously, causing an adjustment to the nonlinear phase matching contribution for photon-pair generation.
We next performed identical measurements in a GaInP PhCW, a material free from TPA in the telecommunications band (E g = 1.9 eV) [21, 23, 26] . Second-order correlation function measurements. The second-order correlation function, or g (2) (0) is another important metric for single photon sources. The g (2) (0) is an indicator of how well the source output compares to a single photon [18, 32, 37] . A g (2) (0) of 0 corresponds to an ideal single photon source while a standard coherent Poissonian light source exhibits a g (2) (0) value of 1. For our three-detector heralded measurement this is described by
where Π j|H are the conditional probabilities that the j th detector is triggered when the herald detector H is also triggered (see Supplementary Information). We desire large Π A|H or Π B|H which indicate true single photon pairs while simultaneously minimizing Π AB|H (triplesmultiple photons) [32, 37] . To measure this quantity one detects a first photon (the signal)
heralding the arrival of a second photon (the idler) with this latter photon passing through a 50:50 coupler and sent to one of two detectors. True single photons will only trigger one of these two detectors. If there is a coincident count across these two detectors the g (2) (0) rises above the ideal value of zero indicating more than a single photon is present. The present limit to these values is detector dark counts, not the devices themselves.
In particular, for the g (2) (0) experiments, we required a larger detection efficiency of η D = 10% (compared to 7.5% for the CAR experiments) in order to obtain significant counting statistics for the three-photon g magnitude improvement over our prior record for PhCW devices [18] . We expect near ideal single-photon operation, g (2) (0) → 0, in our devices with ultra-low dark count detectors such as superconducting detectors [38, 39] . The GaInP is slightly higher due to higher propagation loss in the longer device.
Conversely, we extrapolate a CAR from our experimental g The implications of this result are absolutely critical to all single photon sources exhibiting TPA. In particular, heralded single photon sources based on TPA-limited materials will require additional multiplexing, and therefore waveguides and footprint, to achieve the same efficiency compared to linear materials [40, 41] . FCA also sets in and further reduces coincidence counts in the single pair regime and plays a larger role with increasing Φ. Even at the maximum Φ, the estimated contributions of XThPA is <0.2 dB, nearly an order of magnitude smaller than XTPA and FCA-induced pair loss at the same Φ.
Finally, we consider materials with improved nonlinear figures of merit F OM N L = n 2 /(α 2 λ) to discern whether TPA is truly an ultimate limit to photon pair generation. lower α 2 values suggesting drastic improvements. Though XTPA would be diminished in these materials, as η < 1, it is an impairment one must always consider when present. In addition to our experimental demonstrations in GaInP in this work [21, 23, 26] , other wide bandgap materials such as AlGaAs [27, 42] and SiN [43, 44] are promising candidates for future single photon experiments. The advantages of a linear (TPA-free) material, even at the single photon level, will certainly be required for efficient photon generation.
Optimisation of photon sources: the quantum utility. It is clear from this study that developing the ideal photon source requires the optimisation of the output statistics across a number of metrics. For probabilistic photon sources, these include the achievable coincidence count rate, CAR and g (2) (0), which are difficult to optimise simultaneously in a practical environment. While CAR and g (2) (0) are well established measures of the quality of probabilistic photon sources, at present no figure of merit exists to combine these critical quantities. With this in mind we have developed a new figure of merit for single photon sources which we term the quantum utility, or QMU, defined as
where µ is the single photon collection efficiency after any intrinsic device losses, SNR is the signal to noise ratio of desirable photons to accidental photons.
For a single probabilistic source, µ = µη 2 , with η 2 due to propagation and nonlinear losses as defined above, and SNR ≡ CAR. In the absence of dark counts and noise photons, CAR scales as 1/µ, thereby making QMU reach a value of one for an ideal single probabilistic photon source. Under these conditions, the CAR and g Figure 6 shows the experimental points and modelled (solid line) values for the QMU of our devices. We see that the fabricated Si PhCW has a larger maximum QMU of ∼0. 22 . We note few other papers measure these three quantities in the same experimental setup, and it is consequently difficult to derive a QMU from the literature at present.
Building on our observations, we use the model to make a fair comparison of the Si and GaInP devices by assuming devices of the same length of 200 µm, same effective nonlinearities γ, α 2 , matched group index n g =37 and coupling loss, all of which are experimentally achievable. We also consider operation at a more favourable dispersion in the current device at β 2 L = -0.02 ps 2 (β 2 = -0.1 ps 2 /mm). Fig. 6 indicates the numerically extrapolated QMU shown as dashed lines. GaInP reaches a larger QMU of 0.3 compared to Si at 0.25. In addition, the GaInP QMU is higher than Si for all Φ, indicating emission of more coincident photons with a high CAR and low g (2) (0) over all coupled powers. Separate plots of µ , CAR, and g (2) (0) for the comparative case are in the Supplementary Information. At the maximum QMU for GaInP we expect a 5-fold increase in the coincidence counts whilst maintaining an excellent signal-to-noise of ∼ 30, meaning a four-photon experiment such as quantum interference or an integrated quantum gate could be carried out in a matter of hours rather than days.
We close with commentary on the broader applicability of the QMU to deterministic single photon sources based on multiplexing and atom-like single photon sources [2, 3] . By multiplexing several of the heralded sources in this paper, it is possible to create a pseudodeterministic single photon source [40, 41] . Single photon heralded sources composed of multiplexed probabilistic sources is an area of active research with integrated spatial multiplexing only demonstrated this year [45] while temporal multiplexing currently remains undemonstrated [46] . For a multiplexed heralded source, where the multipair noise is decoupled from the heralded photon rate, a QMU > 1 is possible and is indeed desirable.
Concretely, one can operate at the same CAR across a series of multiplexed sources whilst increasing the single photon rate µ , thereby exceeding the multipair limit of a single probabilistic source. For atom-like single photon sources, QMU values greater than one are also possible when including the appropriate definitions of µ and SNR. In these sources, µ is the photon collection rate and SNR is the ratio of collected photons to noise photons due to dark counts and unsuppressed pump beams. With the QMU we now have a succinct metric to compare single-photon sources across multiple platforms.
DISCUSSION
In summary, we have described the interaction of probabilistic photon generation with multi-photon processes in both the generation and collection of single photons for the first time. We measured the CAR and g (2) (0) of photon pairs generated from spontaneous fourwave mixing in two representative materials exhibiting two-photon absorption (Si) and threephoton absorption (GaInP), respectively. We developed a model to describe photon-pair generation in highly nonlinear semiconductors incorporating these multi-photon absorption effects and associated free-carriers. The model accurately predicts output photon statistics including source brightness, coincidence-to-accidental ratio and second-order correlation function for heralded photons. Using this model, we showed that TPA imposes an intrinsic limit on heralded single photon generation even in the single photon pair regime for different nonlinear figures of merit. Finally, we formulated the quantum utility (QMU), a new figure of merit based on these simple metrics which allows us to optimize photon source parameters for future quantum information science experiments and technology. The development of these sources will be integral to increasing the complexity of quantum photonic experiments.
METHODS
Basic formulation of the model. For a two-photon measurement system, such as that used to measure coincidence counts and CAR, we begin by constructing a vector which describes the joint state of the two detectors P = P SI , P SI , P SI , P SI , for the signal and idler detectors S and I, where the bar corresponds to no detection. We initialise this vector in the unclicked state such that P 0 = (1, 0, 0, 0) and then act upon this with matrices describing the detector dark counts, M D , and system losses, M η , which have size 2 n x 2 n , where n is the number of detectors for a number of photon pairs generated, i, such that
The probability distribution of photons p i depends on the number of pairs generated per pulse, µ, from a thermal source such that
with the nonlinear absorption affecting µ as noted in the main text. Nonlinear losses η XT P A , η F CA are included as extra terms in M η , however could equally be included as separate matrices. By analysing the output vector P on a per pulse basis we are able to extract the coincidences and singles counts, allowing a full calculation of the other metrics for analysing photon sources including the CAR. This method can be extended to three detectors for g (2) (0) correlation function calculations, as described in the Supplementary Information.
Device Specifications. The silicon PhCW device is fabricated from a silicon on insulator wafer with a 220 nm silicon membrane layer on 2 µm of silica using electron beam lithography and reactive ion etching. The PhCW is made by creating a triangular lattice of holes with a row missing in the Γ − K direction with the silicon membrane suspended in air. The waveguide is 196 µm long with inverse tapers for improved coupling and polymer waveguides for mode matching to the lensed fibres. The two rows of holes adjacent to the waveguide are laterally shifted to engineer the dispersion [47] such that the group index is 30 and is flat to within 10% across the SFWM bandwidth used and centred at a wavelength of 1540.6 nm.
The effective nonlinearity γ ef f = γS 
FIG. 2.
Schematic of the experimental system under consideration. A fiber laser generates 10 ps pulses in the telecommunications band at a repetition rate of 50 MHz which are injected into the photonic crystal waveguide (PhCW) under test using lensed fibers. Photons are generated through SFWM, separated using an arrayed waveguide grating (AWG) and filtered using tunable bandpass filters. The generated photons are then detected using single photon detector modules triggered in synchrony with the laser source and coincidence events are measured using a time interval analyser (TIA). 
